Abstract
Introduction
Francis church in Assisi, San Marco church in Aquila, and the Modena Cathedral), so understanding 31 their behaviour is crucial for the assessment of the seismic safety of the entire structure [2] , [3] , [4] . 1 However, the evaluation of their seismic response is quite complex and depends on several factors, 2 such as understanding fully the three-dimensional geometry, determining the mechanical properties 3 of the constituent materials and assessing the effect of the behaviour of the underlying vertical 4 elements (lateral walls and piers). 5
A vault under earthquake excitation is subjected to two main phenomena: 6 -dynamic response of the vault itself to acceleration of its springings; 7 -pseudo-static response to displacements imposed at its springings from the horizontal movements 8 of the structures underneath (walls and piers). 9
Several advanced computational techniques have been developed to investigate the weakness of arch 10 and vault structures, including Limit Analysis, Trust Network Method, Finite Element Method and 11
Discrete Element Method approaches [5] , [6] . [7] , [8] , [9] . In recent times, computer developments 12 based on limit analysis methods have been developed, such as the Thrust Network Method which is 13 grounded from lower bound theorems [10] , [11] , whereas FE limit analysis approaches with infinitely 14 resistant elements and dissipation on interfaces used the concepts of the upper bound theorem [12] , 15
[13], [14] . In addition, FE commercial software combined with either elastic-plastic or damaging 16 models, developed to study steel or concrete structures are often used in the technical literature to 17 model masonry vaults [15] , [16] , [17] . Specific software have been also developed to account for the 18 mechanical behaviour of the masonry curved structures, for instance DIANA by TNO Delft [18] and 19 NOSA ITACA by ISTI-CNR Pisa [19] , [20] . However, the aim of the paper is to explore the benefits 20 of methods directly accessible by practitioners, embedded already in all-purpose commercial 21
software. 22
Many experimental studies have analysed the structural behaviour of arches and vaults under static 23
[21], [22] , [23] , and seismic action, mostly focusing on the dynamic response, [24] , [25] , [26] , while 24 some have performed displacement-controlled tests at the springings [27] , [28] , [29] , [30] , [31] . 25
Nonetheless, only few specific studies on the pseudo-static response of masonry cross vaults to 26 imposed shear displacements at the springings ( Figure 1a ) are available in the scientific literature 27
[31], [32] , [33] . In a multi-nave church, such a shear deformation mechanism can occur due to the 28 large difference in the lateral stiffness between the nave and the perimeter wall or the façade (Figure  29 1b). For instance, damages traced back to this mechanism were observed in the Modena Cathedral 30 after the 2012 Emilia earthquake [4]. Rossi et al. (2014) [32] performed tests on a 1:5 scale model of 31 a groin vault made of 3D printed plastic blocks with dry joints, by applying an incremental horizontal 32 differential displacement between two couples of opposite abutments. Consequently, Gaetani (2016) 33
[33] performed different experimental tests reproducing in-plane horizontal shear distortion and 34 longitudinal opening/closing of the abutments on the above model [32] . In the shear test, the 1 maximum force was attained at about 3% of the shear displacement-to-span ratio, a little more than 2 half of its collapse value. Milani et al. [31] presents the simulation of a wide and diversified set of 3 laboratory tests on a small-scale model (1:5) representative of a brick masonry cross-vault. The model 4 is made by plastic blocks with dry joints. Two types of displacement/rotation controlled tests have 5 been simulated: DSA (Direct Seismic Action), representative of the inertial horizontal actions 6 induced by the earthquake, and ISA (Indirect Seismic Action), corresponding with shear 7 displacements imposed at the abutments due to the differential deformations of masonry walls. ISA 8 tests mainly showed the great ductility of the system, the maximum force being attained at about 3% 9 of the displacement over span ratio. 10
This paper describes an experimental research that aims to starting understanding this pseudo-static 11 response. The first stage discussed here is a test conducted on a Gothic cross vault from the aisle of 12 the Holyrood Abbey church in Edinburgh (UK). The layout of the church and the geometry of the 13 quadripartite vault are representative of a wide range of medium-sized Gothic churches and a detailed 14 model of the vault exists that could be adapted to the aims of this project [34] . 
21
The constructed physical specimen is a replica of the cross vault in ¼ scale (Fig. 2) , with the following 22 dimensions: the span of the transverse arches is 0.88 m, the span of the nave arch is 1.10 m, and the 23 global rise is 0.76 m. Timber blocks were used to build the model [34] , and bonding was achieved 1 using a lime mortar mix. The advantages of using timber blocks were that the pieces could be 2 produced very fast and the wood allows an accurate reproduction of the vault's shape and details. The 3 mortar is a mix of one part lime and three parts sand, plus water and PVA glue, which creates a 4 sufficient yet weak bond to allow failure to occur along the joints rather than the blocks [28] . Earlier 5 work showed that the weight of the material does not affect the static response of the vault to support 6 spread so there was no need to increase dead load by adding lead weight to simulate self-weight of 7
The construction of the vault model is more extensively discussed in [37] The nave, transverse and diagonal arches were built first as a form of skeleton and guide for the 10 construction of the webs (Figure 3a) . 11
Secondly, the webs were filled with timber blocks of uniform thickness. The blocks were cut and 12 arranged to reproduce the masonry bond pattern and particular attention was paid to fit them along 13 the ribs by forming a dihedral section specific for the end block of each row ( Figure 3b ). 
19
The units were laid in rows for each web and were bonded with lime mortar. The construction started 20 from the supports and each corner was built without falsework as the rows were quite vertical ( Figure  21 4a), but a falsework was required when the row span and the web curvature increased (Figure 4b 
13
The vault was positioned above four stiff concrete piers. The two back springings were fixed to piers 14 3 and 4; the other two were fitted with a mechanism of moving along one direction to simulate the 15 imposed shear displacement (piers 1 and 2). To form such a sliding mechanism, a plastic plate was 16 fixed at the base of the springing, to permit sliding along a metal sheet laid on the piers. Guides were 17 attached to control movement and avoid the sideways slipping of the supports. The longitudinal 1 external wall of the Abbey was modelled using a panel with an arch shape and it was fixed on the 2 two back piers with screws. 3
The strength of timber is lower than the stone one, but the cracks are supposed to occur along the 4 joints only and they would not damage the blocks since the strength of the mortar is less than the 5 timber's one, satisfying the typical assumptions introduced by Heyman [21] : infinite compression 6 strength and negligible tensile strength of the masonry. For this reason, the results of the pseudo-7 static tests conducted on a scaled timber model may be considered dependent only on the geometry. 8
From an engineering point of view, the findings could be thus used to understand not only the 9 qualitative, but also the quantitative structural response of actual masonry vaults. 
The test results

22
The crack pattern was recorded on the extrados and the intrados after every displacement increment 23
[37]. Cracks were observed immediately at the beginning of the test: 25 -at the 2 mm stage of shear displacement, bending cracks initiated at the extrados along the 1 joints between the nave arches and web B, as also web F. Other "sliding" cracks (i.e. cracks 2 associated to shear mechanisms) developed along the diagonal ribs, in particular on webs C 3 and G; 4 -at 4 mm, a long bending crack was observed on the extrados of the longitudinal ridge. The 5 earlier cracks propagated and additional small cracks appeared on the webs and along the 6 transverse arches. A small hinge started to develop at the extrados of the two central voussoirs 7 of the nave arch. Moreover, several cracks appeared at the intrados close to all the four 8 springings; 9
-shear displacement at 10 mm caused the formation of new cracks. The transverse arch 1-4 10 showed the formation of one hinge in its central part. Two new bending cracks formed on 11 webs C and B in correspondence to the initial "sliding" cracks. It should be noticed that these 12 cracks, at 45° with respect to the diagonal rib 1-3, compromised the integrity of the rib itself, 13 since they appeared across its section ; 14 -at 20 mm, the cracks along the nave arch and webs B and F widened and propagated, in Figures 7 and 8b) . 26
The bigger crack at the 30 mm stage detached the voussoir on the rib 1-3 and this caused a 27 rotation of the cracked web around the nave arch. A new long "sliding" crack also developed 28 along the same rib on the intrados of the entire web C; 29 -during the last stages more damage occurred. At the shear displacement stage of 40 mm, the 30 cracks along the ribs (webs C and E) and along the nave arch extended to the whole length on 31 the extrados. New cracks developed at the intrados of web A and E close to the keystone; 32 -further increasing of the shear displacement up to 45 mm caused a partial collapse in web C 1 (yellow area in Figures 7 and 8c) . The nave arch looked very deformed and hinges are clearly 2 recognizable ( Figure 8d) ; 3 -the shear displacement stage of 55 mm caused the failure of the whole web B and the 4 remaining part of web C (pink area in Figure 7) ; 5 -the shear displacement stage of 62 mm, corresponding to the last stage before the global 6 collapse of the vault, provoked a detachment of a portion of the webs G and H close to the 7 keystone. 
4
The displacements of the monitored points obtained via Total Station are hereafter illustrated with 5 specific reference to the vertical and horizontal movements of the transverse ridge and the two 6 diagonal ribs. 7
The vertical displacements of the transverse ridge are reported in Figure 10 . It can be noticed that 8 they increased upwards during the test and the final uplift of the keystone was 24 mm. 9
The horizontal displacements of the transverse ridge are reported in Figure 11 . The general horizontal 10 movement follows the imposed displacements at the springings, with the largest displacement in the 11 front side (nave arch). The deformation looks like a rotation around the wall edge 3-4 associated with 12 the effects of the reaction of rib 1-3 next to the keystone (see also Figure 9b ). The points are almost 13 aligned for all the length of the transverse ridge except for the points closer to the keystone which 14
show a displacement in the opposite direction during the initial steps of the test (probably due to the 15 compressive action generated by rib 1-3). 16 17 Similarly to the transverse ridge, the ribs moved horizontally in the same direction of the imposed 4 shear displacement. On the other hand, in the vertical direction, the points along rib 1-3 (spreading, 5 in tension) moved slightly downwards (Figure 12a ), whilst the points along rib 2-4 (the one in 6 compression) moved upwards (Figure 12b) . 
The material properties
17
Vaults are expected to resist any bending that develops through their thickness and in ideal conditions 18 (e.g., specific geometries, perfect constraints, typical uniform static loads, …) they are very stable 19 under dead load, but it is well known that any discrepancy like imposed shear displacement at its 20 springings may lead to not negligible bending [38] , [39] . 21
The flexural stiffness and strength along the directions parallel to the bed joints (X) and normal to the 22 bed joints (Y) were evaluated through four-point bending tests on timber-mortar wallette samples 23 (Figure 13) The FE model was discretized using quadrilateral shell elements for the webs and the large nave arch, 3 and beam elements for the transverse arches. In particular, the shells were modelled with S4R5 4 elements in Abaqus, quadrilateral doubly-curved thin shells (with 5 degrees of freedom per node), 5 while the transverse arches were modelled with quadratic beam elements B21. 6
The mechanical properties in Table 2 were applied to the shell elements of the model. The properties 7 applied for every type of element are reported in Table 3 . 8 9 10 
12
Pinned connections were applied as the base constraints. Fixed supports were applied in the nodes of 13 the wall edge to simulate the presence of the longitudinal external wall. 14 First, the self-weight (7 kN/m 3 , to account for the timber blocks and the lime mortar) was applied to 15 the model. Second, the shearing deformation was applied with displacements imposed in piers 1 and 16 2 along the negative X direction. The displacement was deployed in several steps until a total value 17 of 100 mm to monitor the crack pattern evolution. 18
Non-linear analysis results
19
Non-linear static analysis was carried out for the interpretation of the experimental results. The 20 analysis was performed reproducing the non-linear properties of the timber-mortar units with a 21 smeared crack approach (the initiation of cracking process at any location happens when the material 22 stresses reach one of the failure surfaces either in the biaxial tension region or in a combined tension-23 compression region) [42] . Timber-mortar units, as well as typical masonry brick-mortar units, are 24 characterized by an orthotropic behaviour, which is difficult to model. Several researches focus on 25 the identification of an orthotropic damage model able to represent the masonry structures [43] , [44] . 26
According to Roca et al. [6] and Lourenco et al. [18] , two main modelling approaches based on FEM 1 are available for masonry structures: (i) micro-modelling: units and mortar are represented as distinct 2 elements and the unit-mortar interface are treated as discontinuous elements, and (ii) macro- detail, the CDP model is characterized by an isotropic constitutive law defined by different strengths 20 in tension and compression, an elasto-plastic behaviour with damage and a softening phase ruled in 21 tension and compression by two independent parameters and a 3D behaviour obeying a Drucker-22
Prager failure criterion. The behaviour of the material is linear-elastic up to a certain value, σt0 for 23 tension and σc0 for compression (for the compressive branch there is an additional stress increment 24 due to hardening before reaching its peak stress value σcu and showing compression crushing), 25 thereafter the stress-strain curves drop down. The degradation of the elastic stiffness on the strain 26 softening branch of the stress-strain curve is characterized by two damage variables, dt and dc, which 27
can take values from zero (undamaged material) to one (which represents the total loss of strength) 28
[52], [53] . 29 Considering Heyman's assumption of infinite compressive strength, generally adopted for masonry 30 structures and here assumed also valid for the timber units, the compression model parameters reduce 31 to the elastic modulus only since dc = 0, whilst a full relationship should be defined for the tension 32 model accounting for the softening branch. All parameters were selected on the basis of the four-33 point bending tests on wallettes ( Figure 13 and Table 2 ). Elastic modulus in compression was set to 34 4200 N/mm 2 . Table 4 reports the stress-strain relationship in tension. The softening branch has been 1 assumed piece-wise linear from the max-strength point to a point obtained imposing a reduced elastic 2 module equal to 10% of the initial elastic module in correspondence of ε = 0.002. 3 4 7 8 Figure 18 compares the intrados cracks of the tested vault with the post-earthquake intrados cracks 9 observed in the vault of the nave next to the façade (V1). A similar pattern is observed: (i) two 10 "opening" cracks formed on two adjacent webs at 45° with respect to the diagonal rib, (ii) sliding 11 cracks along the ribs. The weakness is in both cases along the bed joints and the cracks start from the 12 diagonal ribs spreading on the adjacent webs. 13 14
15
(a) (b) (c) 16 
20
Finally, it is worth pointing out that a similar structural response caused the collapse of two vaults in 21 Saint Francis Basilica in Assisi (1997 Umbria earthquake), being these two vaults in the same 22 The interpretation through an experiment on 1:4 scaled specimen of a Gothic cross vault subjected to 11 shear deformation at two if its springings confirmed the initiation of cracks normal to the diagonal 12 ribs, showing that failure happens essentially at 2.7% spread of the longitudinal span, which is in 13 good agreement with the few results on similar cases available in the scientific literature. 
